On integral Apollonian circle packings  by Northshield, S.
Journal of Number Theory 119 (2006) 171–193
www.elsevier.com/locate/jnt
On integral Apollonian circle packings
S. Northshield
Department of Mathematics, SUNY-Plattsburgh, Plattsburgh, NY 12901, USA
Received 23 December 2002; revised 26 July 2005
Available online 15 December 2005
Communicated by David Goss
Abstract
The curvatures of four mutually tangent circles with disjoint interiors form what is called a
Descartes quadruple. The four least curvatures in an integral Apollonian circle packing form what is
called a root Descartes quadruple and, if the curvatures are relatively prime, we say that it is a prim-
itive root quadruple. We prove a conjecture of Mallows by giving a closed formula for the number
of primitive root quadruples with minimum curvature −n. An Apollonian circle packing is called
strongly integral if every circle has curvature times center a Gaussian integer. The set of all such cir-
cle packings for which the curvature plus curvature times center is congruent to 1 modulo 2 is called
the “standard supergasket.” Those centers in the unit square are in one-to-one correspondence with
the primitive root quadruples and exhibit certain symmetries first conjectured by Mallows. We prove
these symmetries; in particular, the centers are symmetric around y = x if n is odd, around x = 1/2
if n is an odd multiple of 2, and around y = 1/2 if n is a multiple of 4.
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An integer Descartes quadruple is a set of four integers that satisfies Descartes’ theorem
for curvatures of four mutually tangent circles:
2
(
a2 + b2 + c2 + d2)= (a + b + c + d)2.
There are conventions on when the curvature of a circle is negative; see papers [1–3] for
details. Such a quadruple can be “realized;” that is, one can construct four circles which
are mutually tangent and whose curvatures agree with the four given numbers. Further-
more, one can form an Apollonian circle packing (uniquely) from three mutually tangent
circles. An Apollonian circle packing consists of all the circles obtained from a Descartes
quadruple by the group of Möbius transformations generated by four inversions, which are
inversions in the circles that pass through the three tangency points determined by three
of the circles in the Descartes configuration (see [1,3]). By Descartes’ theorem, it is easy
to see that the curvatures of all circles in this packing are integral. The four smallest cur-
vatures of a Descartes quadruple in the packing form an integer quadruple which we call
a root quadruple. Such a root quadruple is called primitive if the four curvatures are rel-
atively prime. If the minimum curvature in the packing has value −n < 0 then all circles
in the packing fit inside a single bounding circle of radius 1
n
which is the circle having
(oriented) curvature −n.
Let N(n) be the number of primitive root quadruples for packings with minimum cur-
vature −n. It was shown in [1] that N(n) is finite for each n  1. Evaluation of the first
4800 natural numbers leads to formula (1) given in Theorem 1 below.
Theorem 1. For n > 1,
N(n) = 1
4
(
n
∏
p|n
(
1 − χ(p)/p))+ 2ω∗(n)−1 (1)
where χ(p) = (−1) p−12 or 0 according to whether p is odd or even, respectively, and
ω∗(n) is the number of prime divisors of n if n ≡ 2 (mod 4) and is 1 less than that if
n ≡ 2 (mod 4).
The proof of Theorem 1 appears at the end of Section 3. We first sketch the main idea
behind the proof. The function φˆ(n) = n∏p|n(1 − χ(p)/p) is similar to Euler’s phi func-
tion φ(n) = n∏p|n(1 − 1/p) and, in fact, the product of the two,
φ∗(n) = φ(n)φˆ(n),
counts the number of Gaussian integers relatively prime to n and with both coordinates
non-negative but less than n. Let n 1 be fixed. We shall define a function P =Pn which
assigns an Apollonian circle packing Pn(z) to each Gaussian integer z = x + iy relatively
prime to n and show that
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(b) Pn(z) and Pn(w) yield the same root quadruple if and only if z = kuw or kuw¯ for
some unit u and nonzero rational integer k.
A careful counting then shows that formula (1) holds for n > 1. We remark that formula (1)
was first conjectured by Graham, Lagarias, Mallows, Wilks, and Yan and that they provide
a proof in [3].
We define the curvature-center of a circle to be the product of its center (as a complex
number) and its curvature. We define an Apollonian packing to be strongly integral if the
curvatures of all circles are integral and the curvature-center of each circle in the packing
is a Gaussian integer. Such packings were studied in [2]. A strongly integral packing is
termed proper if the sum of curvature and curvature-center of each circle is congruent, as a
Gaussian integer, to 1 modulo 2. Every proper packing is arrived at by a series of reflections
from the basic packing with ‘circles’ x = 1, x = −1, x2 + y2 = 1, and x2 + (y − 2)2 = 1
(corresponding to Descartes quadruple (0,0,1,1)). The union of all proper packings forms
the standard supergasket. It is called a ‘gasket’ since, as it turns out, no pair of circles in it
intersect at more than one point, i.e., the circles in it are either disjoint, internally tangent,
or externally tangent. This object is also known as the strongly integral superpacking.
Mallows [6] conjectured that the circles in the supergasket obey certain symmetries; see
also [2, Section 6]. We prove this in terms of the centers of circles:
Theorem 2. Let Γn denote the set of centers of all circles in the standard supergasket which
have radius 1/n and whose x and y coordinates are both between 0 and 1 inclusive. If n
is odd, then Γn is symmetric around the line y = x, if n is an odd multiple of 2, then Γn is
symmetric around the vertical line x = 1/2, and if n is a multiple of 4, then Γn is symmetric
around the horizontal line y = 1/2.
The proof appears at the end of Section 5. We sketch the main idea behind the proof.
For z relatively prime to n we define a 2 × 2 complex matrix m(z) and we say that it is
proper if its row sums are congruent, as Gaussian integers, to 1 modulo 2.
The circle packings Pn(z) do not have integral curvature-centers. However, we shall
define a function fn(·) such that the “shifted packings” Pn(z) + fn(z)/n do have integral
curvature centers; we define this function in Section 4. We say that fn(z)/n is the center of
the corresponding shifted packing. The set of curvature-centers of the standard supergasket
in the n-by-n square coincides with the set
Sn :=
{
f (z): m(z) proper
}
.
We prove Theorem 2 in three cases. For n odd, we show that f ((1 + i)z¯) = if (z) and, if
m(z) is proper, then so is m((1 + i)z¯). For n an odd multiple of 2, we show that f (iz¯ +
n(1 + i)/2)) = n − f (z) and, if m(z) is proper, then so is m(iz¯ + n(1 + i)/2)). For n a
multiple of 4, we show that f (z¯+ n(1 + i)/2)) = in+ f (z) and, if m(z) is proper, then so
is m(z¯ + n(1 + i)/2)).
We shall also show, for each n, a correspondence between centers of circle packings
and Descartes quadruples.
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in the standard supergasket whose centers have coordinates between 0 and 1 inclusive and
the set of reduced primitive Descartes quadruples with least curvature −n.
This result is proved in Section 4.
2. The circle packings Pn(z)
Throughout this section, we fix an integer n > 1. The equivalence ≡ will mean congru-
ence modulo n unless otherwise stated. We write a ⊥ b for “a and b are relatively prime”
and note that a Gaussian integer z is relatively prime to n if and only if |z|2 ⊥ n.
Let C(z, r) denote the circle with center z and radius r . Define, for each Gaussian
integer z ∈ Z[i] the associated circle
Cz := C
(
z2
n(n+ |z|2) ,
1
n+ |z|2
)
.
Then C0 is a circle centered at the origin with radius 1/n and, for any Gaussian integer z,
Cz is a circle inside and tangent to C0. We let Cz ‖ Cw mean that the circles Cz and Cw are
tangent.
Lemma 1. For z,w ∈ Z[i], Cz ‖ Cw if and only if |Im(z¯w)| = n.
Proof. Let a = n+ |z|2 and b = n+ |w|2. There exist positive real numbers R and θ such
that w = zReiθ . Hence
z¯w = |z¯w|eiθ . (2)
By the law of cosines, Cz and Cw are tangent if and only if
(
1
a
+ 1
b
)2
=
(
1
n
− 1
a
)2
+
(
1
n
− 1
b
)2
− 2
(
1
n
− 1
a
)(
1
n
− 1
b
)
cos 2θ
which is equivalent to
cos 2θ = q − n
2
q + n2
where q = ab − na − nb.
If Cz and Cw are tangent then, since |cos 2θ | 1, q  0 and so one can define m = √q
and we have
|zw|2 = (a − n)(b − n) = ab − na − nb + n2 = m2 + n2. (2′)
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eiθ = ±m± in√
m2 + n2
and, by (2) and (2′), Im(z¯w) = ±n.
On the other hand, suppose Im(z¯w) = ±n. By (2), Re((z¯w)2) = |z¯w|2 cos 2θ and so
cos 2θ = Re((z¯w)
2)
|z¯w|2 =
Re(z¯w)2 − Im(z¯w)2
Re(z¯w)2 + Im(z¯w)2 .
Then,
Re(z¯w)2 + n2 = |z¯w|2 = |z|2|w|2 = (a − n)(b − n)
and so Re(z¯w)2 = ab − na − nb. Thus,
cos 2θ = q − n
2
q + n2
where q = ab − na − nb. 
We remark that Cz and Cw cannot have centers with the same argument θ unless
z = ±w. Hence, given Gaussian integers z and w with |Im(z¯w)| = n, the circles C0, Cz,
and Cw are mutually tangent and so define an integral Apollonian circle packing.
Definition 1. For Gaussian integers z,w for which∣∣Im(z¯w)∣∣= n,
let Pn(z,w) be the circle packing defined by the three circles C0, Cz, and Cw .
By Lemma 1, if Cz ‖ Cw , then Cz+w is tangent to both Cz and Cw since|Im(z¯(z+w))| =
|Im(z¯w)|. Hence Caz+bw ∈Pn(z,w) for relatively prime integers a, b. Further, it is easy to
see that Caz+bw ‖ Ccz+dw if and only if |ad − bc| = 1. This accounts for all circles in the
circle packing Pn(z,w) tangent to C0.
We now define the circle packing Pn(z). We write x ⊥ y for “x and y are relatively
prime” and define Z[i]∗ to be the set of Gaussian integers x + iy for which x ⊥ y. Given
z = x + iy ∈ Z[i]∗, there exist integers a and b such that ax + by = 1. Define ρn(z) to be
the unique Gaussian integer such that
z¯ρn(z) = m+ in with 0m< |z|2.
A formula for ρn(z) is obtained by letting z0 = −b + ia, namely
ρn(z) := nz0 − lz (3)
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where
l :=
⌊
n(ay − bx)
x2 + y2
⌋
where 
x denotes the greatest integer not exceeding x. For example, if n = 15 and z =
2 + 3i, then ρ15(2 + 3i) = −3 + 3i; see Fig. 1.
For z = x + iy ∈ Z[i] let g = gcd(x, y) and define
Pn(z) :=Pn
(
z/g,ρn(z/g)
)
.
We now show that every primitive root quadruple with a = −n occurs in some circle
packing Pn(z) for z ∈ Z[i]. We accomplish this in two steps; first, showing that every prim-
itive root quadruple is realized by a circle packing Pn(z,w) for some z and w (Lemma 5)
and, second, showing that Pn(z,w) = Pn(z′) for some z′ (not necessarily equal to z or w)
(Proposition 1).
Lemma 2. The circle packing Pn(z) generated by z ∈ Z[i]∗ is primitive if and only if z ⊥ n.
Proof. If π is a (Gaussian) prime which divides both z and n, then, by (3), π | ρ(z). Hence,
π divides the curvatures of the circles C0,Cz, and Cρ(z) and so, by Descartes’ formula for
curvatures, π divides every curvature in Pn(z) and so Pn(z) is not primitive.
If z ⊥ n, then |z|2 + n ⊥ n and thus the curvatures of C0 and Cz are relatively prime.
Therefore Pn(z) is primitive. 
To show that every primitive Descartes quadruple (−n,a, b, c) is realized by some
Pn(z,w), we find Gaussian integers z and w such that a = n + |z|2, b = n + |w|2, and
Im(z¯w) = n and, therefore, (−n,a, b, c) is represented by Pn(z,w). We start with two
technical lemmas.
Lemma 3. If m ⊥ n and d | (m2 +n2), then ∃x, y ∈ Z: (x+ iy) | (m+ in) and x2 +y2 = d .
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m ± in and so divides both m and n; contradicting m ⊥ n. Thus d is a product of prime
powers each of which is a product πj π¯j of primes in Z[i]. Since m + in is not divisible
by both π and π¯ (otherwise m − in is also and so m ⊥ n), we may assume πj | (m + in).
Let x + iy be the product of all such πj . Then d = x2 + y2 and (x + iy) | (m+ in). 
This can be extended further to the case where m and n are not relatively prime.
Lemma 4. If d | (m2 + n2) where gcd(n, d, m2+n2
d
) = 1, then there exist integers x, y such
that (x + iy) | (m+ in) and x2 + y2 = d .
Proof. Let g = gcd(m,n), g1 = gcd(g, d), and g2 = gcd(g, d ′), where d ′ = (m2 + n2)/d .
Then g = g1g2 and g1 ⊥ g2. Let mˆ = m/g, nˆ = n/g, dˆ = d/g21 , and dˆ ′ = d ′/g22 . Then
mˆ ⊥ nˆ and mˆ2 + nˆ2 = dˆdˆ ′. Hence dˆ | (m2 + nˆ2) and, by Lemma 3, there exist xˆ and yˆ such
that xˆ2 + yˆ2 = dˆ and (xˆ+ iyˆ) | (nˆ+ imˆ). Let x = xˆg1 and y = yˆg1. Then (x+ iy) | (n+ im)
and x2 + y2 = d . Let s + it = n+im
x+iy . Then s
2 + t2 = d ′ and (x + iy)(s + it) = n+ im. 
Lemma 5. Every primitive root quadruple is represented by some Pn(z,w) for suitable
z,w ∈ Z[i].
Proof. Suppose (−n,a, b, c) is an integer Descartes quadruple. Define z0 = 0, z1 = 1n − 1a ,
and z2 = ( 1n − 1b )eiθ for some angle such that the circles with centers z0, z1, and z2 are
mutually tangent. By Descartes’ theorem, c = a + b − n ± 2√ab − na − nb and so there
exists an integer m such that m2 = ab − na − nb. By the law of cosines,
(
1
a
+ 1
b
)2
=
(
1
n
− 1
a
)2
+
(
1
n
− 1
b
)2
− 2
(
1
n
− 1
a
)(
1
n
− 1
b
)
cos θ
and, solving for the cosine, we may assume m satisfies
eiθ = (m+ in)
2
m2 + n2 .
Let d = a − n. Then, since
m2 + n2 = (a − n)(b − n),
d | (m2 + n2) and, since the quadruple is primitive, the hypothesis of Lemma 4 holds and
there exist x, y such that (x + iy) | (m + in) and x2 + y2 = d . Let z = x − iy, eiφ = z2|z|2 ,
and w = m+in
x+iy . Then
naz1e
iφ = z2 and nbz2eiφ = w2.
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above. 
It turns out that the packing Pn(z,w) constructed in Lemma 5 may not have z relatively
prime to n so that Pn(z) is not defined. With some work, we may get around this problem.
Proposition 1. Let n > 1 be a fixed integer. Then every primitive root quadruple with
a = −n occurs in some packing Pn(z) with z ∈ Z[i]∗.
Proof. It is enough to show that every primitive Pn(z,w) is of the form Pn(z0) for some
z0 ∈ Z[i] with z0 ⊥ n. Let g=gcd(|z|2,2〈w,z〉, |w|2). If Pn(z,w) is primitive, then g ⊥ n.
Let F be the primitive quadratic form F(a, b) = |az + bw|2/g. By Hua [5, Chapter 12,
Lemma 3], there exist relatively prime integers a and b such that F(a, b) ⊥ n or, equiv-
alently, az + bw ⊥ n. Let z0 = az + bw ⊥ n. Since a ⊥ b, there exist integers c, d such
that ad − bc = 1. Let w0 = cz + dw. Then Im(z¯0w0) = (ad − bc) Im(z¯w) = n and, since
Cz0 ,Cw0 ∈Pn(z,w), Pn(z,w) =Pn(z0,w0).
Suppose z0 = x + iy and w0 = u + iv. Since |Im(z¯0w0)| = n, then xv − yu = n and,
since z0 ⊥ n, there exist a, b, c such that ax + by + cn = 1. Hence (a + cv)x + (b − cu)y
= 1 and thus x ⊥ y. Again, since xv − yu = n, z¯0(w0 −ρ(z0)) is real and thus w0 −ρ(z0)
is a real multiple of z0. Since x ⊥ y, there exists an integer k such that kz0 − w0 − ρ(z0)
and thus Cz0,Cw0 ∈Pn(z0) and the result follows. 
Example. For n = 15 consider the primitive root quadruple δ = (−15,24,40,49). Us-
ing the algorithm set forth in the proof of Lemma 5, m = 0, z = −3i, w = 5, and thus
P15(−3i,5) realizes δ. However, P15(z) = P15(z,w) = P15(w); following the algorithm
set forth in the proof of Proposition 1, P15(5 + 12i) =P15(5 − 3i) =P15(5,−3i).
We next investigate when two circle packings are the same.
Proposition 2. Let n > 1 be a fixed integer. For z,w ⊥ n with z,w ∈ Z[i]∗, the following
are equivalent:
(a) Pn(z) =Pn(w),
(b) ∃k ∈ Z: w ≡ kz (mod n),
(c) n | Im(z¯w),
(d) ∃A ∈ SL2(Z): A
(
z
ρ(z)
)= ( w
ρ(w)
)
.
Proof. (a)  (b). Let Pn(z) = Pn(w) and ρ(·) := ρn(·). Then Cw ∈ Pn(z) and so there
exist integers a and b such that w = az + bρ(z). By (3), ρ(z) + lz ≡ 0. Let k = a − bl.
Then kz = az − blz ≡ az + bρ(z) = w.
(b) (c). Let kz ≡ w. Then k|z|2 ≡ z¯w and therefore Im(z¯w) ≡ 0.
(c)  (d). Define z1 ∼ z2 if and only if Im(z¯1z2) ≡ 0. This is an equivalence relation.
By definition of ρ, z ∼ ρ(z) and w ∼ ρ(w). If Im(z¯w) ≡ 0, the z ∼ w and so w ∼ ρ(z),
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then
x′s − y′t, y′x − x′y, s′x − t ′y, t ′s − s′t ∈ nZ
and so the matrix
A := 1
n
(
x′ y′
t ′ s′
)(
s −y
−t x
)
has integer entries. By the definition of ρ, the matrices
( x y
t s
)
and
(
x′ y′
t ′ s′
)
each have deter-
minant n and so A has determinant 1 and
A
(
x y
t s
)
=
(
x′ y′
t ′ s′
)
.
(d)  (a). Let A = ( a b
c d
) ∈ SL2(Z) and suppose A( zρ(z)) = ( wρ(w)). Then a ⊥ b, c ⊥ d ,
az + bρ(z) = w, and cz + dρ(z) = ρ(w). Therefore Cw,Cρ(w) ∈ Pn(z) and thus Pn(z) =
Pn(w). 
The restriction that z and w each have relatively prime coordinates can be partly re-
moved in the theorem above.
Corollary 1. For z,w ⊥ n, Pn(z) =Pn(w) if and only if there exists an integer k relatively
prime to n such that w ≡ kz (mod n).
Proof. Choose integers g,h so that z
g
, w
h
∈ Z[i]∗. Then g,h ⊥ n since z,w ⊥ n and so g
and h have multiplicative inverses modulo n.
If Pn(z) = Pn(w), then Pn( zg ) = Pn(wh ) and so, by Proposition 2, there exists an inte-
ger k such that w
h
≡ k z
g
. Hence there exists an integer, l = g−1kh, such that w ≡ lz.
Conversely, if w ≡ lz, then gw ≡ glz ≡ (glh−1)hz. Hence w
h
≡ (glh−1) z
g
and thus
Pn(z) =Pn(z/g) =Pn(w/h) =Pn(w). 
3. Counting primitive root quadruples
Let Σn := {x + iy: 0 x, y < n, x2 + y2 ⊥ n} and let T := {Pn(z): z ⊥ n} denote the
set of circle packings generated by Pn. By Corollary 1,
Pn :Σn → T
is a φ(n)-to-1 mapping.
The cardinality of Σn is a sort of totient function.
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|Σn| = nφ(n)
∏
p|n
(
1 − χ(p)/p)
where χ(p) = (−1)(p−1)/2 or 0 according to whether p is odd or even, respectively.
Proof. A prime p is either congruent to 1,2, or 3 modulo 4, and, in each of these cases, it
is easy to verify that
|Σp| = (p − 1)
(
p − χ(p)).
Next, we claim that for n > 1,
|Σpn+1 | = p2|Σpn |
which follows from fact that a + ib ⊥ pn if and only if a + pn + ib ⊥ pn+1. Hence the
lemma holds for prime powers. Finally, the proof that φ∗ is multiplicative follows the
classical proof that φ is multiplicative as in [4, Theorem 61]. 
Example. Consider the case where n = 15. There are eight distinct root Descartes quadru-
ples:
(−15,16,240,241),
(−15,24,40,49),
(−15,17,128,128),
(−15,20,60,65),
(−15,25,40,40),
(−15,28,33,40),
(−15,32,32,33),
(−15,24,41,44).
We shall abbreviate them by the numbers 241, 49, 128, 65, 40’, 40, 33, and 44, respectively.
Note that the quadruples represented by 40’ and 65 are not primitive.
Recall φ∗(n) is the number of Gaussian integers relatively prime to n with both real and
imaginary parts between 0 and n. The table below contains φ∗(15) = 128 entries out of
225 positions.
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⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
0 241 241 241 241 241 241 241 241
1 241 128 33 44 40 40 44 33 128
2 241 128 40 44 33 33 44 40 128
3 40 49 40 40 49 40
4 241 33 128 44 40 40 44 128 33
5 44 44 49 44 49 44 44 49 44 49 44 44
6 40 40 49 49 40 40
7 241 33 40 44 128 128 44 40 33
8 241 33 40 44 128 128 44 40 33
9 40 40 49 49 40 40
10 44 44 49 44 49 44 44 49 44 49 44 44
11 241 33 128 44 40 40 44 128 33
12 40 49 40 40 49 40
13 241 128 40 44 33 33 44 40 128
14 241 128 33 44 40 40 44 33 128
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
All six primitive root quadruples are represented in the table. For example, ‘33’ occurs
16 times and ‘44’ occurs 32 times.
Since P15(1 + 4i) corresponds to ‘33’, so do P15(2 + 8i), P15(4 + i), P15(7 + 13i),
P15(8 + 2i), P15(11 + 14i), P15(13 + 7i), and P15(14 + 11i) (by Proposition 2). Let
U(n) denote the set of units in Z/nZ, and let [z] = zU(n). Hence 8 = φ(15) oc-
currences of ‘33’ come from [1 + 4i] and the other eight occurrences of ‘33’ come
from [1 + 11i].
As for ‘44’, its 32 occurrences come from [5 + i], [5 + 2i], [2 + 5i], and [1 + 5i]. The
factor of 2 in the difference of the two cases comes from the fact that [1 + 4i] = [4 + i]
and so there are really only 2 equivalence classes for ‘33’ but 4 for ‘44’.
Using this example as a guide, we count. Given any x + iy for which Pn is defined, it is
clear that x − iy, −x + iy, −x − iy, y + ix, y − ix, −y + ix, and −y − ix give congruent,
but not necessarily identical, circle packings under the map Pn. Furthermore, the only
congruent packings arise in this way. Clearly, multiplication by −1 preserves identity, so
only four classes of packings are possible.
Given z ∈ Σn, we say z is of “type 1” if [z] = [z¯], “type 2” if [z] = [iz¯], “type 3” if
[z] = [iz], and “type 0” otherwise.
Proposition 3. Let n > 1 be fixed and suppose z = x + iy ∈ Σn. Then:
(a) z is type 1 if and only if n | 2xy.
(b) z is type 2 if and only if n | (x2 − y2).
(c) z is type 3 if and only if n | (x2 + y2).
(d) There are no type 3 elements in Σn.
(e) No z ∈ Σn is both type 1 and type 2.
(f) If n is odd, then, in Σn, there is a one-to-one correspondence between elements of
type 1 and elements of type 2.
(g) If n is even, then there are no elements of type 2.
182 S. Northshield / Journal of Number Theory 119 (2006) 171–193Proof.
(a) Suppose z is type 1. Then there exists k such that kx ≡ x and ky ≡ −y. Hence
xy ≡ kxy ≡ −xy and so 2xy ≡ 0. Conversely, suppose 2xy ≡ 0. Without loss of
generality, we may assume that y is odd and thus 2x ⊥ y. Let x0:=gcd(2x,n) and
y0:=gcd(y,n). Since x ⊥ y (since, otherwise, gcd(n, x, y) = 1), x0y0 = n and x0 ⊥ y0.
By the Chinese Remainder theorem, there exists k such that k ≡ 1 (mod y0) and
k ≡ −1 (mod x0) from which it follows that kz ≡ z¯.
(b) Let [x + iy] = [y + ix]. Then there exists k such that kx ≡ y and ky ≡ x and so
x2 ≡ kxy ≡ y2. Conversely, if x2 ≡ y2, then x ⊥ n and y ⊥ n and so x, y ∈ U(n).
Hence, there exists k such that kx ≡ y.
(c) This is virtually the same as for part (b).
(d) Since x + iy ⊥ n implies x2 + y2 ⊥ n , n | (x2 + y2) is impossible.
(e) If x + iy is both type 1 and type 2, and p | n, then p | xy (so either p | x or p | y) and
p | (x2 − y2). This is impossible since, if p | x, then p | y and gcd(n, x, y) = 1.
(f) Consider the map τ(x + iy) := Resn((x − y) + i(x + y)). If x + iy is type 2, then
n | (x2 − y2) and thus n | 2(x − y)(x + y) and τ(x + iy) is type 1. Similarly, if x + iy
is type 1, then n | 2xy and thus n | ((x − y)2 − (x + y)2) and τ(x + iy) is type 2. It is
easy to verify that, since n is odd, τ is one-to-one. The result follows.
(g) If n is even and z is type 2, then x2 − y2 is even and, since z ∈ Σn, x and y must both
be odd. Since
2a + 1 + i(2b + 1) = (1 + i)(a + b + 1 + i(b − a)),
it follows that (1 + i) is a common divisor of both z and n; a contradiction. 
We write z ≈ w if z = uw or z = uw¯ for some unit u in Z[i]. Then |⋃w≈z[w]| = 4φ(n)
or 2φ(n) according to whether z is type 0 or not. Let T0, T1, and T2 denote the number
of distinct primitive root quadruples corresponding to types 0, 1, and 2, respectively. For
example, when n = 15, we have T0 = |{‘40’, ‘44’}| = 2, T1 = |{‘241’, ‘49’}| = 2, and T2 =
|{‘33’, ‘128’}| = 2.
Lemma 7. If n > 1 is not divisible by 4, then T1 = 2ω(n)−1. If n is divisible by 4, then
T1 = 2ω(n).
Proof. Given x + iy ∈ Σn of type 1 (i.e., n | 2xy), let
F(x + iy) := {gcd(x,n),gcd(y,n)}.
If 4  n then n | xy [obvious if n is odd; follows from fact that either x or y is even (as
in proof of Proposition 3(g)) if n is even]. Hence F(x + iy) is a factorization of n into
two relatively prime factors. The number of such factors is clearly 2ω(n)−1 (the 2ω(n) is the
number of ways to choose a subset from the set of prime factors of n, the “−1” is due to
discarding the order). If 4 | n, then either n | xy in which case F(x + iy) is a factorization
of n into two relatively prime factors or n  xy in which case n | xy and F(x + iy) is a2
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and of n2 are equal and so the total number of factorizations is 2
ω(n)
.
It is enough to show that z and w of type 1 give congruent packings if and only if
F(z) = F(w).
Let x + iy and u + iv give rise to congruent packings. Since both are type 1, there
exists k ⊥ n such that either k(x + iy) = (u + iv) or k(x + iy) = v + iu. Without loss
of generality, we may assume the first. Then kx ≡ u (mod n) and ky ≡ v (mod n) which
implies, since k ⊥ n that F(x + iy) = F(u+ iv).
Conversely, suppose F(x + iy) = F(u + iv). In one case, we may define a and b so
that a = gcd(x,n) = gcd(u,n) and b = gcd(y,n) = gcd(v,n). Then there exist integers
l1, l2, l3, l4 such that x = al1, u = al2, y = bl3, and v = bl4. Furthermore, l1 ⊥ b, l2 ⊥ b,
l3 ⊥ a, and l4 ⊥ a. By the Chinese Remainder Theorem, there exists k such that
kl2 ≡ l1 (mod b) and kl4 ≡ l3 (mod a)
from which it follows that k(u + iv) ≡ (x + iy) (mod n) and therefore u + iv and x + iy
give the same packing. In the other case, the u and v switch roles and u + iv and x + iy
give congruent packings. 
We now can prove Theorem 1.
Proof of Theorem 1. It follows that N(n) = T0 + T1 + T2 and φ∗(n) = (4T0 + 2T1 +
2T2)φ(n) and therefore
N(n) = 1
4
φˆ(n)+ T1
if n is odd, and
N(n) = 1
4
φˆ(n)+ 1
2
T1
if n is even. Let ω(n) denote the number of distinct prime divisors of n. The result then
follows from Lemma 7. 
4. Strongly integral Apollonian packings
As in Section 2, we now suppose n > 1 is fixed. Given a circle in the complex plane,
we call the product of curvature and the center the curvature-center of the circle; it is a
complex number. We say that a circle packing is strongly integral if every circle in it has
curvature-center a Gaussian integer. A remarkable fact, first noted in [1], is that Descartes
formula holds true for curvature-centers of four mutually tangent circles just as it does for
just the curvatures. Hence, if three mutually tangent circles in a circle packing have integral
curvature-centers, then all circles in that packing do.
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ever, a translation of the packing is. Assuming z ⊥ n, there exists an integer a such that
a|z|2 ≡ 1 and thus, if w = −az2, then the curvature-center of Cz + wn is w + z
2+w|z|2
n
,
a Gaussian integer. This motivates the following definition:
Definition 2. Let n > 1 be fixed. The function f (z) := fn(z) is defined by:
fn(z) = Resn
(−az2) if 2xy
n
is not an odd integer
and
fn(z) = Resn(−az2)+ in otherwise.
Here Resn(z) denotes the least residue (modulo n) as a Gaussian integer.
The reason for this technical definition will become apparent later. In any case, for all
z ⊥ n,
z2 + f (z)|z|2 ≡ 0.
We now determine a condition which implies f (z) = f (w).
Lemma 8. Let n > 1 be fixed and z,w ⊥ n. Then f (z) ≡ f (w) if and only if n | 2 Im(z¯w).
If n | Im(z¯w) then f (z) = f (w).
Proof. f (z) ≡ f (w) if and only if z + f (w)z¯ ≡ 0 if and only if zw¯ + f (w)z¯w¯ ≡ 0 ≡
z¯(w + f (w)w¯) if and only if zw¯ ≡ wz¯.
Let x + iy = z and u + iv = w. If n | Im(z¯w), then f (z) ≡ f (w) and, if n  xy, then
f (z) = f (w). If n | xy, then, since xv ≡ yu, n | (x2 + y2)uv and thus n | uv. Therefore,
again, f (z) = f (w). 
Proposition 4. Let n > 1 be fixed. For z ⊥ n, the shifted packing Pn(z)+ 1nfn(z) is strongly
integral.
Proof. Let g = gcd(Re(z), Im(z)) and z′ = z/g. By Lemma 8, f (z) = f (z′). By the com-
plex Descartes formula, since Pn(z) = Pn(z′, ρ(z′)), it is enough to show that Cw + f (z)n
is strongly integral where w = 0, z′, ρ(z′). The first two are trivial; let w = ρ(z′). Since
Cw ‖Cz′ , Im(z¯′w) = ±n and, by Lemma 8, f (z) = f (w). The result follows. 
The complex number f (z)/n is the center of the largest circle in the circle packing
Pn(z) shifted so as to be strongly integral. We call it the “center” of the circle packing
Pn(z). The definition of f depends on n and, if necessary, we will write fn for f if n is
not clear from the context. It turns out that the centers ‘almost’ uniquely define the circle
packings.
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n
= fm(w)
m
then m = n.
Proof. By the hypothesis,
n2
∣∣fm(w)∣∣2 = m2∣∣fn(z)∣∣2.
Since |fm(w)|2 ≡ 1 (mod m) and |fn(z)|2 ≡ 1 (mod n), there exist integers k1, k2 such that
n2(1 + k1m) = m2(1 + k2n) and so n2 − m2 = (k2n − k1m)nm. Let g = gcd(m,n). Then
gmn | (n2 −m2) from which it follows that gm | n2 and gn | m2 and, therefore, m = n. 
It is possible, however, for f (z) = f (w) but Pn(z) = Pn(w). That is, considering
Proposition 2, the converse of the second part of Lemma 8 is not true. For example, n = 10,
z = 1, and w = 2 + 5i has f (z) = f (w) = 9 but Im(z¯w) = 5. Such examples necessarily
have n even.
Following [2], we consider the set of all primitive strongly integral Descartes configura-
tions; we will call it X . An element of X can be thought of as a 4-by-2 matrix where each
row represents one of four mutually tangent circles and is of the form
(c a + ib)
where c is the curvature and a + ib the curvature-center of the circle. Hence, the first
column forms an integer Descartes quadruple and the second column forms a complex
Descartes quadruple. Let n > 1. Given z,w with z,w ⊥ n such that |Im(z¯w)| = n, we
define the element M(z,w) := Mn(z,w) of X by
M(z,w) :=
⎛
⎜⎝
−n −f (z)
n+ |z|2 f (z)+ g(z)
n+ |w|2 f (z)+ g(w)
n+ |z +w|2 f (z)+ g(z +w)
⎞
⎟⎠ (4)
where
g(z) := z
2 + f (z)|z|2
n
.
We say that a Gaussian integer z is oe if Re(z) is odd and Im(z) is even. We define
ee, eo, and oo similarly.
We will identify the standard supergasket with the set of elements in X for which all
the row sums are oe. An example of such an element is:
⎛
⎜⎝
−15 −10 − 6i
28 19 + 12i
33 22 + 12i
40 25 + 16i
⎞
⎟⎠ .
We say that two elements of the standard supergasket are equivalent if the circle pack-
ings determined by these two elements are the same. We say that w is the curvature-center
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packing. We say that M(z,w) is proper if every row sum is oe. The first two rows of the
matrix M(z,w) depend only on z and n and themselves form a 2 × 2 matrix, which we
denote m(z) := mn(z). That is,
m(z) :=
(
n f (z)
n+ |z|2 f (z)+ g(z)
)
.
We say that m(z) is proper if and only its row sums are oe. Let
Sn :=
{
f (z): z ⊥ n and m(z) is proper}.
Lemma 9. If n is odd, then m(z) is proper if and only if f (z) is ee. If n is even, then m(z)
is proper if and only if g(z) is oe.
Proof. Suppose n is odd. If m(z) is proper, then n + f (z) is oe and so f (z) is ee. Con-
versely, if f (z) is ee, then n+ f (z) is oe and, since |z|2 + g(z) = (z2 + (n+ f (z))|z|2)/n
is ee, n+ |z|2 + f (z) + g(z) is oe.
Suppose n is even. Then |z|2 is odd (since z ⊥ n). If m(z) is proper, then f (z) is oe,
f (z)+ g(z) is ee, and thus g(z) is oe. Conversely, if g(z) is oe, then f (z) is oe since z2 +
f (z)|z|2 = ng(z) is ee, z2 is oe, and |z|2 is odd. Hence, n+f (z) and n+|z|2 +f (z)+g(z)
are oe. 
Lemma 10. Let n > 1 be fixed. If z,w ⊥ n, m(z) is proper, and n | Im(z¯w), then m(w) is
proper.
Proof. Suppose n is odd. Since n | Im(z¯w), f (z) = f (w) (by Lemma 8). By Lemma 9,
m(w) proper since m(z) is.
Suppose n is even. By Proposition 2, ∃k ⊥ n: w ≡ kz and thus w = kz + nz0 for some
Gaussian integer z0. Since n | Im(z¯w), f (w) = f (z) (by Lemma 8), and thus
g(w) ≡ k2g(z) (mod 2).
Using Lemma 9, since m(z) is proper, g(z) is oe and thus, since k is odd, g(w) is oe and
m(w) is proper. 
Proposition 6. Let n > 1 be fixed. The set Sn of all values fn(z) such that m(z) is proper
coincides with the set of curvature-centers of the standard supergasket which have coordi-
nates between 0 and n inclusive.
Proof. Let C denote the set of curvature-centers of the standard supergasket which have
coordinates between 0 and n inclusive. We first show Sn ⊂ C. Suppose z ⊥ n with m(z)
proper. Since f (z) = f ( z
g
), we may assume, without loss of generality, that z ∈ Z[i]∗ and
there exists w (= ρ(z)) such that Pn(z) = Pn(z,w). Then the 4 × 3 matrix in (4) is in the
integral supergasket and, by Lemma 10, is in the standard supergasket.
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gasket, let P denote the corresponding circle packing. It is enough to show that w = f (z)
for some z ⊥ n. By Proposition 1, every integer Descartes quadruple is represented by some
Pn(z0) where z0 ⊥ n. Let a = n + |z0|2. Then a is in the first column of some element of
the supergasket equivalent to the given element. Necessarily, a ⊥ n.
Let w
n
be the center of P . The circle corresponding to a then has center w
n
+ ( 1
n
− 1
a
)eiθ
for some θ . Hence
aw
n
+ a − n
n
eiθ
is a Gaussian integer. Since eiθ is then a rational point on the unit circle,
eiθ = z
2
1
|z1|2
for some z1 ∈ Z[i]∗. Since
0 ≡ aw + (a − n)eiθ ≡ |z0|2w + |z0|2 z
2
1
|z1|2 , (5)
it follows that
z21 +w|z1|2 ≡ 0. (6)
It remains to show that z1 ⊥ n since then (6) implies
z1 +wz¯1 ≡ 0 ≡ z1 + f (z1)z¯1
and thus w = f (z1).
If n is even, then w is oe. Let r + is = z1. We may assume that r and s are not both
even. If they are both odd, then 4 divides r2 − s2 but not r2 + s2 and thus Re(z21|z0|2/|z1|2)
is even which contradicts (5). Hence |z1|2 is odd and it follows that 2rs ⊥ r2 + s2 and thus
|z1|2 divides |z0|2 and, because z0 ⊥ n, z1 ⊥ n.
If n is odd, then w is ee. Arguing as above, gcd(2rs, r2 + s2) is either 1 or 2 and
therefore |z1|2 divides 2|z0|2 and thus z1 ⊥ n. 
It turns out that the set Sn is in one-to-one correspondence with the set of primitive
reduced Descartes quadruples with least curvature −n. We shall prove three lemmas first.
Lemma 11. Let n  1 be fixed. If m(z) and m(w) are proper and z,w ⊥ n then f (z) =
f (w) if and only Pn(z) =Pn(w).
Proof. Suppose throughout that z,w ⊥ n. If Pn(w) = Pn(z) then, by Proposition 2,
n | Im(z¯w) and, by Lemma 8, f (w) = f (z).
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n | Im(z¯w). By Proposition 2, Pn(w) =Pn(z).
Suppose f (w) = f (z), n is even, and both m(z) and m(w) are proper. Define ξ := az¯w
where a|z|2 ≡ 1. By Lemma 8, n | 2 Im(z¯w) and so n | 2a Im(zw¯) and thus n | 2 Im(ξ).
Then zξ = a|z|2w ≡ w and so, for some z0,
w = ξz + nz0.
Since n is even, it is easy to verify that
g(w) ≡ |ξ |2g(z)+ z2 2 Im(ξ)
n
(mod 2).
By Lemma 9, since m(z) and m(w) are proper and n is even, g(z) and g(w) are both oe.
Since z,w ⊥ n, ξ ⊥ n and so |ξ |2 is odd and z2 is oe. It follows that 2 Im(ξ)/n is even
and thus n | Im(ξ). There thus exists some k such that w ≡ kz and so, by Proposition 2,
Pn(w) =Pn(z). 
Recall z is “type 1” if 2xy/n is an integer. For the next two lemmas, we must differen-
tiate further. We say that z is “type 1a” or “type 1b” if 2xy/n is even or odd, respectively.
Lemma 12. Let n 1 be fixed.
fn(z¯) =
{
fn(z) if z is type 1,
fn(z) + in otherwise,
fn(iz¯) =
{
fn(z) if z is type 2,
n− fn(z) otherwise.
Proof. If z is type 0, then f (z) = u+ iv where 0 < u,v < n and, by the definition of f (z),
f (z¯) = u− iv+ in and f (iz¯) = n−u+ iv. If z is type 1a, then f (z) = u where 0 < u< n,
f (z¯) = u, and f (iz¯) = n− u. If z is type 1b, then f (z) = u+ in where 0 < u< n, f (z¯) =
u + in, and f (iz¯) = n − u + in. If z is type 2, then f (z) = iv where 0 < v < n, f (z¯) =
in− iv, and f (iz¯) = iv. The result follows. 
A similar result holds for g. It is easily proved using Lemma 12 and the definition of
g(z) := gn(z) by (z2 + f (z)|z|2)/n.
Lemma 13. Let n 1 be fixed.
gn(z¯) =
⎧⎪⎨
⎪⎩
gn(z) if z is type 1a,
gn(z) + i|z|2 if z is type 0 or 2,
gn(z) + 2i|z|2 if z is type 1b.
gn(iz¯) =
{−gn(z) if z is type 2,
|z|2 − gn(z) otherwise.
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the set Γn and Sn. Let T∗ = {Pn(z): m(z) proper} and U be the set of reduced primitive
Descartes quadruples with least curvature −n. Lemma 11 shows that there is a one-to-one
correspondence between S and T∗.
It remains to exhibit a bijection between T∗ and U . Given a circle packing P = Pn(z),
let φ(C) be the integer Descartes quadruple formed by the four least curvatures of circles
in P . By Proposition 1, φ : T → U is onto. Note that φ(Pn(w)) = φ(Pn(z)) for w ∈
{z¯, iz¯, iz}. Let φ∗ be the restriction of φ to T∗. By Lemmas 9, 11–13 it follows that at least
one of m(z), m(z¯), m(iz¯), and m(iz) is proper and thus φ∗ is onto.
Recall that Pn(z) = Pn(z¯) if and only if z is type 1 and that Pn(z) =Pn(iz¯) if and only
if z is type 2. It then follows that
φ−1(Pn(z)) =
{ {Pn(z),Pn(z¯),Pn(iz¯),Pn(iz)} if z is type 0,
{Pn(z),Pn(iz¯)} if z is type 1,
{Pn(z),Pn(z¯)} if z is type 2.
By Lemmas 12 and 13, φ−1∗ (Pn(z)) is a singleton set and so φ∗ is one-to-one. 
5. Symmetries
Mallows conjectured [2, Section 6] that the centers of the circle packings corresponding
to the standard super gasket obey the following symmetries:
(a) around y = x when n is odd,
(b) around x = 12 when n is an odd multiple of 2,
(c) around y = 12 when n is a multiple of 4.
We illustrate these three possible symmetries by showing S when n = 125, 150 and 128.
The proof of Theorem 2 follows from three propositions.
Proposition 7. For n odd, if w ∈ S, then iw¯ ∈ S.
Proof. Let w ∈ S. Then, for some z, w = f (z) and m(z) is proper. Note that
[
(1 + i)z¯]2 + if (z)∣∣(1 + i)z¯∣∣2 = 2i(z2 + f (z)|z|2)≡ 0
and thus
f
(
(1 + i)z¯)= if (z) = iw¯.
By Lemma 9, since m(z) is proper, f (z) is ee. Then f ((1 + i)z¯) is ee and, again by
Lemma 9, m((1 + i)z¯) is proper. 
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Fig. 3. S when n = 150.
Suppose now that n is even. If z ⊥ n, then, necessarily, Re(z) ≡ Im(z) (mod 2) and thus
|z|2 is odd and both z2 and f (z) are oe.
Let ξ = n2 (1 + i). If u+ iv = f (z) then, since 1 + v ± u is even,
ξ + f (z)ξ¯ ≡ n((1 + v + u)+ i(1 + v − u))≡ 0.
2
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Hence,
(ξ + z)+ f (z)(ξ¯ + z¯) ≡ 0
and thus f (z) ≡ f (z + ξ). Since 2xy/n is an odd integer (and, necessarily, 4 | n) if and
only if 2(x + n2 )(y + n2 )/n is an odd integer, f (z) = f (z + ξ). Since, if x + iy = z,
(z + ξ)2 + f (z + ξ)|z + ξ |2
n
= z
2 + f (z)|z|2
n
+ (x − y)+ (f (z)+ i)(x + y)+ ξ,
g(z + ξ)− g(z) − ξ is eo.
Proposition 8. If n is an odd multiple of 2 and w ∈ S, then n− w¯ ∈ S.
Proof. Let w ∈ S. Then, for some z, w = f (z) and m(z) is proper. Since z + f (z)z¯ ≡ 0,
iz¯ + f (iz¯)iz¯ ≡ 0 ≡ i(z + f (z)z¯)
and so f (iz¯) ≡ −f (z). Since Re(f (z)) is odd,
f (iz¯ + ξ) = f (iz¯) = n− f (z) = n− w¯.
Then
g(iz¯) = (iz¯)
2 + f (iz¯)|iz¯|2 = −z¯
2 + (n− f (z))|z|2 = |z|2 − g(z).
n n
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m(z) is proper, then so is m(iz¯ + ξ). 
Proposition 9. If n is a multiple of 4 and w ∈ S, then in+ w¯ ∈ S.
Proof. Let w ∈ S. Then, for some z, w = f (z) and m(z) is proper. Since z + f (z)z¯ ≡ 0,
z¯ + f (z)z ≡ 0 ≡ z¯ + f (z¯)z
and so f (z¯) ≡ f (z). Since, when n | 2xy,
1
n
Im
(
(z¯ + ξ)2) ≡ 1
n
Im
(
z2
) (mod 2), f (z¯ + ξ) = f (z¯) = in+ f (z) = in+ w¯.
Then
g(z¯) = z¯
2 + f (z¯)|z¯|2
n
= i|z|2 + g(z).
If g(z) is oe, then g(z¯) is ee and thus, since ξ is ee, g(z¯+ ξ) is oe. By Lemma 9, if m(z)
is proper, then so is m(z¯ + ξ). 
We now can prove Theorem 2.
Proof of Theorem 2. Recall, by Proposition 6, that the set of curvature-centers of
the standard supergasket with coordinates between 0 and n inclusive is the set S :=
{f (z)/n: m(z) proper}. Hence the set of centers of the standard supergasket with coor-
dinates between 0 and 1 inclusive is the set S/n := {f (z)/n: m(z) proper}.
If n is odd then, by Proposition 7, if x+ iy ∈ S then y+ ix ∈ S and so S/n is symmetric
around the line y = x.
If n is congruent to 2 modulo 4 then, by Proposition 8, if x + iy ∈ S then n− x + iy ∈ S
and so S/n is symmetric around the vertical line x = 1/2.
If n is divisible by 4 then, by Proposition 9, if x + iy ∈ S then x + i(n − y) ∈ S and so
S/n is symmetric around the horizontal line y = 1/2. 
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